Abstract. We prove that a general complete intersection of dimension n, codimension c and type d 1 , . . . , d c in P N has ample cotangent bundle if c ≥ 2n − 2 and the d i 's are all greater than a bound that is O(1) in N and quadratic in n. This degree bound substantially improves the currently best-known super-exponential bound in N by Deng, although our result does not address the case n ≤ c < 2n − 2.
Introduction
Let X be a general complete intersection in P N of dimension n > 1 and type d 1 , . . . , d c . In this note, we prove that if c ≥ 2n − 2 and
(8n 2 − 18n + 12)N + (2n − 2)(4n 2 − n − 6) N − 3n + 3 , then the cotangent bundle Ω X is ample. Debarre conjectured that a general complete intersection X ⊂ P N with c ≥ n has ample cotangent bundle provided that the degrees d i defining X are sufficiently large [Deb05] . Brotbek and Darondeau proved Debarre's Conjecture without providing effective bounds on the degrees [BD18] . Xie showed that one can take d i ≥ N N 2 to guarantee that Ω X is ample [Xie15] . Deng in [Den16, Den17] improved the bounds to d i ≥ 16c 2 (2N) 2N +2c . When c ≥ 2n − 2, our bounds are vast improvements on these exponential bounds. In fact, our bound tends to a constant for fixed n as N tends to ∞. In earlier work, Brotbek [Bro16] proved that if c ≥ 3n − 2 and all the degrees are equal d i = d, then Ω X is ample provided that d ≥ 2N + 3. While our bound is less restrictive on c and is better for N large with respect to n, in the case c ≥ 3n − 2, d i = d for all i, and N small relative to n, Brotbek's bound of 2N + 3 is better. Finally, Brotbek in [Bro14] showed that a general complete intersection surface has ample
To prove our bound, we will combine Brotbek's [Bro14] estimates that guarantee that Ω X is ample outside a codimension 2 subvariety with the technique of Riedl and Yang [RY16, RY18] to remove the non-ample locus. This process loses a little on the codimension bound relative to [BD18] , but gives much better bounds on the degrees.
Organization of the paper. In §2, following Brotbek [Bro14] , we obtain degree bounds that guarantee that Ω X is ample outside a variety of codimension 2. In §3, using the technique of Riedl and Yang [RY16, RY18] , we show how to remove the non-ample locus.
2. Ampleness outside a codimension 2 set Let X ⊂ P N be a general complete intersection of dimension n and type d 1 , . . . , d c . We always assume that the codimension c = N − n ≥ n. Let Ω X denote the cotangent bundle of X and let π : PΩ X → X be the natural projection. In this section, we give bounds on the degrees d i that guarantee that Ω X is ample outside of codimension 2. We follow the basic strategy from Brotbek [Bro14] closely, but improve his bounds, which are exponential in n.
Definition 2.1. Let E be a vector bundle on a projective variety Y and let H be an ample line bundle on Y . Let π : P(E) → Y denote the projection. If for some ǫ with 0 < ǫ ≪ 1, any irreducible curve
It follows from the definition that if Sym k E is globally generated outside of a subvariety T of Y for some k > 0, then E ⊗ H is ample outside of T . In [Bro14] Brotbek proves the following theorem.
is big, then Ω X is ample outside an algebraic set Y of codimension at least 2 in X, where Y is the image under π of the stable base locus of
Consequently, we desire effective bounds on the degrees d i that guarantee that the line bundles 
We will use the following proposition from Brotbek. 
Proof. Under our assumptions on d i , the general complete intersection X does not contain any lines. Consequently, by Brotbek's Proposition 2.4, Ω X (2) is ample. Equivalently, the line bundle
is nef on PΩ X being the pullback of a nef line bundle on X. By Theorem 2.3,
Recall that the Segre classes of a rank r vector bundle E are defined by
Thus, F 2n−1 = s n (Ω X (2)) and by push-pull,
.
we obtain the relation
For our purposes, we only need s n (Ω X (2)) and s n−1 (Ω X (2)). Then
where
Then we have s n = (b n − 2b n−1 )H n and s n−1 = (b n−1 − 2b n−2 )H n−1 .
We would like to determine when s n − (2n − 1)(a + 2)s n−1 is positive. This quantity equals
Expanding out this expression using the convention that φ k,d = 0 for k < 0, we obtain
This quantity is positive if
for all 1 ≤ k ≤ n. Lemma 2.6 shows that
Hence, the quantity (1) is positive if
for all 1 ≤ k ≤ n. Recalling that c = N − n, this inequality is satisfied for 1 ≤ k ≤ n when
This concludes the proof of the theorem modulo the proof of Lemma 2.6.
Lemma 2.6. Let k < r and let x i be positive real numbers. Then the following inequality holds
Proof. First, we show that the quotient ǫ k /ǫ k−1 is an increasing function in x i . This allows us to replace all of the x i with min{x i }. Recall that ∂ ∂x i ǫ k (x 1 , . . . , x r ) = ǫ k−1 (x 1 , . . . ,x i , . . . , x r ).
For simplicity, denote ǫ k (x 1 , . . . , x r ) by ǫ k and ǫ k (x 1 , . . . ,x i , . . . , x r ) byǫ k,i . Hence,
We would like to show this quantity is positive. It suffices to show the numerator is positive. We compute the coefficient of Let S be the set of j such that a j = 2 and let |S| = m. Let I ⊂ {1, . . . , r} be the set of j such that a j = 1. If i ∈ I, then the coefficient of . This is the number of ways of writing r j=1 x a j j as a product of two monomials m 1 m 2 of length k 1 such that the terms in m 1 and m 2 are all distinct and x i | m 1 . Since the terms in m 1 and m 2 are distinct, x j |m 1 and x j |m 2 for j ∈ S. Hence, the coefficient is given by the number of ways of choosing k − 2 − m elements in I\{i}. , we conclude that the numerator is positive.
Similarly, if
Hence, the quotient (x 1 ,...,xr) increases as x i increases. Let x = min{x i }. Hence, we get a lower bound for the quotient by setting each of the x i = x. We obtain ǫ k (x, . . . , x) = r k
This concludes the proof of the lemma.
Combining Theorem 2.2 and Theorem 2.5, we obtain the following corollary.
Corollary 2.7. Let X ⊂ P N be a complete intersection of dimension n and type d 1 , . . . , d c with c ≥ n. If
for all i, then the projection of the stable base locus of O PΩ X (1) ⊗ O(−a) has codimension at least 2 in X. In particular, if
+ 1 for all i, then the projection of the stable base locus of O PΩ X (1) ⊗ π * O X (−1) has codimension at least 2 in X, which implies Ω X is ample outside a variety of codimension at least 2 in X.
Ampleness everywhere
In this section, using a technique of Riedl and Yang introduced in [RY16] and further developed in [RY18] , we remove the base locus at the expense of slightly worse bounds.
For simplicity, let
denote an open subvariety of the universal complete intersection parameterizing pairs (p, X), where X is a complete intersection in P N of dimension n and type d 1 , . . . , d c and p is a point of X. The main tool is the following theorem of Riedl and Yang. (1) The codimension of
has codimension at least u + t.
Applying Theorem 3.1 to Corollary 2.7, we can obtain the main result of this note.
Theorem 3.2. Let X ⊂ P N be a general complete intersection of dimension n and type d 1 , . . . , d c , and suppose n > 1. the projection of Z M −u,d to the space of complete intersections cannot be dominant. If it were dominant, then the fibers would be finite. However, if the fibers are nonempty, then they have to be at least 1 dimensional since they contain curves. Letting N = M − u, n = m − u and u = n − 2 and substituting into the degree bounds for d i , we obtain the second statement. Note that taking u = n − 2 in this last step requires n > 1.
In the special case of surfaces, the bound in Brotbek [Bro14] can be slightly improved. Expanding Equation (1) in the proof of Theorem 2.5 when n = 2, we see that a surface X has ample cotangent bundle if d is larger than both roots of the equation As N grows large, this tends to 5. When N = 4, this gives a bound of about 38. It is natural to wonder whether as N tends to infinity fixing n, asking that d i ≥ 2 is sufficient to guarantee the ampleness of Ω X .
Question 3.3. For N sufficiently large, does a general complete intersection of dimension n and type 2, . . . , 2 have ample cotangent bundle?
Question 3.3 would have a positive answer if one could show that O PΩ X (1)(−a) is basepoint free whenever O PΩ X (1)(−a − f (n)) has a section, for some f (n) depending only on n and not on N.
